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Abstract. In this article we study the topology of a family of real ana- 
lytic germs F: (C 3 ,0) — > (C, 0) with isolated critical point at 0, given by 
F(x,y,z) = f(x,y)g(x,y) + z r , where / and g are holomorphic, r S and 
r > 2. We describe the link Lp as a graph manifold using its natural open 
book decomposition, related to the Milnor fibration of the map-germ fg and 
the description of its monodromy as a quasi-periodic diffeomorphism through 
its Nielsen invariants. Furthermore, such a germ F gives rise to a Milnor fi- 
bration jjtj : S 5 \ Lp — > S 1 . We present a join theorem, which allows us to 
describe the homotopy type of the Milnor fibre of F and we show some cases 
where the open book decomposition of S 5 given by the Milnor fibration of F 
cannot come from the Milnor fibration of a complex singularity in C 3 . 



1. Introduction 

For some years, there has been interest in the study of the topology of suspension 
hypersurface singularities of type F = f + z r , where / is a holomorphic function 
from C 2 to C and z G C, see for instance Q3 \M H H3 H3 1 E] . 

In the real analytic case, in [1] we were interested in the suspension singularities 
of type F(x, y, z) = xy(x p + y q ) + z r from C 3 to C where p, q, r G Z + , p, q, r > 2 
and gcd(p, q) = 1. This family of functions has isolated singularity at the origin, 
we proved that the link Lp is a Seifert manifold and we gave its Seifert invariants. 
Furthermore, we presented families of this kind of singularities such that the cor- 
responding Milnor fibration does not give an open book decomposition of S 5 that 
comes from Milnor fibrations of complex singularities. 

In this paper we are interested in a more general situation: given /, g : (C 2 , 0) — ► 
(C, 0) holomorphic germs such that the real analytic germ fg has isolated critical 
point at the origin, we define a new real analytic germ F: (C 3 ,0) — > (C, 0) given 
by F(x, y, z) — f(x, y)g{x, y) + z r and we describe the topology of the link Lp as 
a graph manifold. 

Among the several works studying the topology of suspension singularities, [19 
is particularly relevant to this work. In [19], A. Pichon studied the topology of the 
link L f for F — f + z r a suspension singularity, where / is a reduced holomorphic 
germ from C 2 to C. Moreover, it is proved that for a 3-manifold M, there exists, at 
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most, a finite number of holomorphic reduced germs /: (C 2 ,0) — > (C,0) such that 
M is homcomorphic to the link Lf, where F = f + z r . 

In the present article we generalise the method given in [19] in order to study the 
topology of the link Lp for F(x, y, z) = f{x, y)g(x, y) + z r . The description of Lp 
as a graph manifold is given in terms of /, g and r, and it is based in the existence 
of a cyclic branched r-cover V: Lp — » § 3 with the link Lfg as the ramification 
locus. 

In [22] . A. Pichon and J. Seade proved that given f,g: (C 2 , 0) — >• (C, 0) holomor- 
phic germs, if the germ fg has isolated critical point, then its Milnor fibration $ fg is 
given by $>fg = yj|y. The monodromy h of this Milnor fibration is a quasi-periodic 
diffeomorphism. Thus, through a pull-back diagram, we equip Lp with an open 
book decomposition with open book fibration such that a representative of the 
corresponding monodromy is the quasi-periodic diffeomorphism h r . We compute 
the Nielsen invariants of the monodromy h and then, using results given in |19) . we 
compute the Nielsen invariants of the monodromy h r . By Theorem l2.16l we obtain 
the Waldhausen decomposition of Lp associated to the Waldhausen decomposition 
of S 3 given by the Milnor fibration $ fg . 

Furthermore, we prove that F is a d-regular function (see [I]) and by [H Theo- 
rem 5.3] we have that F has Milnor fibration $i? = jp^. We also prove that if F is 
of the type F — f + z r , where / is a d-regular real analytic function, then the pair 
(S n+1 ,Lp) is the r-fold cyclic suspension of the knot (§' i_1 ,Lj). This allows us to 
adapt |5] Lemma 6.1] into a Join Theorem for d- regular functions, which gives the 
homotopy type of the Milnor fibre of F as the join of the Milnor fibre of / and r 
points. 

Finally, we give the algorithm to compute the topology of the link as a graph 
manifold from the Milnor fibration $ fg and r. Moreover, we apply such algorithm 
in some examples and, as in [T], we show that in these examples the open book 
decomposition of S 5 given by the Milnor fibration $^ cannot come from Milnor 
fibrations of complex singularities from C 3 to C. 

2. Preliminaries on fibred plumbing links 

This section presents some results from [3J, [5], [50] and [22] on fibred plumbing 
links and their monodromy. For this, we present the concepts of plumbing man- 
ifolds, plumbing links and their representation by a graph (see for example |19[ 
§4]). 

Definition 2.1. A plumbing manifold M is a 3-manifold such that M is bound- 
ary of a 4-manifold P(T) obtained by plumbing according to a plumbing tree T. 

Definition 2.2. A plumbing link is a pair [M, L) where M is a plumbing manifold 
and L = K\ U . . . U K n is an oriented link in M which is a union (possibly empty) 
of S 1 -fibres of the plumbed D 2 -bundles. 

Notice that each Ki has a natural orientation as the boundary of a lD) 2 -fibre. 
We denote by —Ki the knot Ki endowed with the opposite orientation. Then the 
oriented link L will be denoted by L = t\K\ U . . . U e n K n where 6j G { — 1, +1}. 

The homeomorphism class of the pair (M, L) is given by the plumbing tree T 
decorated with arrows in the following way: for each component Ki of the link L, 
we attach an arrow weighted by the multiplicity (ej) to the vertex corresponding 
to the D 2 -bundle of which Ki is a S 1 -fibre. 
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Definition 2.3. A fibred plumbing link (M,L) is a plumbing link (M,L) such 
that there exists an open book fibration $ : M \ L — > S 1 with binding L. 

The following theorem is a generalisation of a result of Eisenbud and Neumann 
(pj Th 11.2]) reformulated in terms of plumbing links. In 7 this result is proved 
for multilinks in Z-homology spheres and formulated in terms of splice diagrams. 
In terms of graph decompositions it is proved by Chaves ([3J Th 2.2.10]). For a 
short survey and proof, see [2H Th. 2.11]. 

Theorem 2.4 ([22l Th. 2.11]). Let (M,L) be a plumbing link with plumbing tree 
r and intersection matrix Mr- Let L — e\K\ U . . . U t n K n and let v±, . . . , v s be the 
vertices of T. Let 

b(L) = (b 1 ,...,b s )ez s , 

where hi is the sum of the multiplicities €j carried by the arrows attached to the 
vertex Vi. Then L is fibred if there exist (m\, . . . , m s ) £ Z s such that the next two 
conditions hold: 
i) The following system of equations is satisfied: 

(1) M r t {m 1 ,...,m s )+ t b(L) = , 

where (•) means transposition, 
ii) for each node Vj of T, the integer mj ^ 0. 

Definition 2.5. The system of equations |T]) is called the monodromical system 

of L (see [U Def 4.2]). 

Note that the solution to the system of equations (UJ is unique when the matrix 
Mr is non-degenerate; for example, when it is negative definite. 

For each vertex Mj of the plumbing tree T, let Vi be the intersection of M and 
the D 2 -fibre bundle corresponding to Uj. Then V% is a § 1 -bundle. 

In the proof of Theorem 12.41 one obtains that any fibration <f> : M \ L — > S 1 can 
be modified by an isotopy in such a way that each fibre of <f> is transverse to all the 
plumbing tori of M and to all the S 1 -fibres of any Vi such that mi ^ 0. 

Remark 2.6. Let $ be a fibre of <j>, then the monodromy of the fibration <f> admits 
a quasi-periodic representative f) : J? — > J? whose restriction to 3i = -8 H Vi coincides 
with the first return map on of the fibres of V, endowed with the orientation 
tiK , where K is oriented as the boundary of a D 2 -fibre of a plumbed bundle, and 
where ti — -r 1 ^. 

In particular, one has: 

Proposition 2.7. The order of f) on$i equals \rrii\. 

2.1. The Nielsen graph of the monodromy f). In this section we present the 
construction of the Nielsen graph of a quasi-periodic diffeomorphism. First, let 
us recall the concept of Nielsen graph for a periodic diffeomorphism (see also [501 
p. 347]). This concept is based in the theory developed by Nielsen in [T7] and [TH]. 

Let S be an oriented, compact, connected surface and let r : S — > S be an 
orientation preserving periodic diffeomorphism of order m > 2. Then r generates 
an action of the group Z m on S. 

Let O be the orbit space of this action, i.e., O is the quotient of S under the 
following equivalence relation: given x, y G S, x ~ y if and only if exists k G Z 
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such that T k (x) = y. Thus O is an orbifold of dimension 2 homeomorphic to an 
orientable, compact, connected surface. 

Let vu : S — > O be the projection onto the orbit space of r. There exists a finite 
number of points pi,...,p s whose orbits under r are of cardinality rii < m with 
i = 1, . . . ,s. Let pi G S be one of them, the orbit w~ 1 (pi) is called an exceptional 
orbit of r. Then vu is a cyclic branched m-covering whose ramification locus is the 
set of these exceptional orbits in O. 

Let Xi G Z be defined as 

Aj = — > 2 for i = 1, . . . , s . 

rii 

If dS — 0, let pi G O be a point representing an exceptional orbit Oi E S 
of cardinality and let Dj be a small 2-disc with centre p^, i.e., such that each 
i £ D,\ {pi} represents an orbit of cardinality m. Then vu~ 1 (H i ) consist of in 
disjoint discs D^\, . . . , Di t7li , which are cyclically exchanged by r. Let Djj be one 
of them such that the disc D it j is oriented as S. Let us endow its boundary dD it j 
with the induced orientation. Then t\^, . : Dij — > D t j is conjugate to a rotation 
of angle 27Ty i with < Wj < A^ and tOi prime relative to A^. The orientation 
convention for Dij and its boundary is essential to obtain a well-defined angle. Let 
o"j G Z\ be such that WjUi = 1 (mod Aj). 

Definition 2.8. The pair (Aj,<7j) is the valency of r at pi (or the valency of t for 
the orbit 7r(p,)). 

If <S has a non-empty boundary, then dO ^ 0. Let O be the closed oriented 
surface obtained by attaching a 2-disc D[ on each boundary component of O and 
let S be the surface obtained by attaching a 2-disc on each boundary component of 
S. Let t be the conical extension of r to S. It may be that r is not differcntiable 
at the centre of the new discs but this is unimportant. 

Then O is the orbit space of r, given by the action of the group Z m on the 
surface S. 

Let p'i be the centre of one of the discs D\. We define the valency for the orbit 
of a boundary component of O as the valency of r at p\ in the same way as for the 
exceptional orbits. 

Notice that the boundary components of S are oriented as the boundary of the 
attached discs and not as the boundary of S. 

From these valencies, one can construct a graph representing the diffcomorphism 

t: 

Definition 2.9. Let Q(j) be the graph constructed in the following way: 

• The graph Qif) has only one vertex, representing the surface O. This vertex 
is weighted by the pair [to, g] where to is the order of r and g is the genus 
ofO, 

• we attach to the vertex of Q(t) one stalk ( •) for each exceptional orbit 

and we weight it by the valency for the corresponding exceptional orbit, 

• we attach to the vertex of Q(t) one boundary-stalk ( °) for each 

boundary component of O and we weight it by the valency for the cor- 
responding boundary component. 
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The graph Q (r) is called the Nielsen graph of the periodic diffeomorphism r and 
the collection (m, g, (Ax, <Ji), • • • , (A s /, cr S ')) consists of the Nielsen invariants of 

T. 

Figure [T] shows the Nielsen graph Q(t) of a diffeomorphism r : S — >• 5 of order m 
with s exceptional orbits, where O has genus g and s' — s boundary components. 




Figure 1. A Nielsen graph with s stalks and s' — s boundary stalks. 

Let (M, L) be a fibred plumbing link and let f) : $ — y $ be the quasi-periodic 
representative of the monodromy of the fibration <fi, mentioned in Remark 12.61 

Definition 2.10 ([20, § 3]). Given the quasi-periodic diffeomorphism fj: # — > 
let C be a family of disjoint simple closed curves in J such that for each connected 
component c G C one can choose a small annulus U(c) C tubular neighbourhood 
of c with the following properties: 

- for any pair of distinct curves Ci,Cj £ C, we have that U{a) PI U(cj) = 0, 

- U(C) = \){U{C)) and F)(C) = C, 

- the restriction of f) to the complement of 

U{C) = |J (c) 

cec 

is periodic, where U{c) is the interior of U(c). 
The family C is called a reduction system of curves for the diffeomorphism f). 

By [20l page 348] we can construct the Nielsen graph of the quasi-periodic dif- 
feomorphism f) in the following way. 

Let C be a minimal reduction system for rj. Let Gt, be the following graph: 

• Qt) has one vertex for each connected component of 5 \ C, 

• let 5i and be connected components of $\C such that there is a curve c £ 
C with c C fonSj-, where and #j are the closures of $j and respectively. 
Then Gt) has an edge between the vertices Ui and Uj corresponding to each 
such curve c. 

Now, let U(C) be a small tubular neighbourhood of C and let Gt) be the quotient 
graph of the induced action of f) on the graph Gt) , where one vertex i of Gt) represents 
one connected component 3i of 3 \ U(C) if f)(x) £ $i for all x £ fo, and a vertex i 
represents qi (with q\ > 1) connected components of $\U(C) if f) permutes cyclically 
these <7i components. 

Let i be a vertex of Gt, such that i represents qi connected components of $\U (C) , 
where 1 < j < g, . Let 3ij be one of them. 

Let f)i be the diffeomorphism defined by t)i = f) 9i : $i t j — > then f)i is a 

periodic diffeomorphism with order mi. Then \)i generates an action of the group 
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Z mi on . Let Oi be the orbit space of this action and let gi be the genus of the 
orbit space Oi of Sij by f}«. 

For each vertex i of C/f, we construct the Nielsen graph 5(f)i) and we complete the 
numerical information by weighting each vertex with the number (see Figure [2]). 




Figure 2. Nielsen graphs G(§%) and G(f)j). 

Definition 2.11 ( [201 page 347]). Given the quasi-periodic diffeomorphism f) : ^ — > 
let C be a reduction system for f). Let c S C be a simple closed curve in J and let 

W(c) C 5 be as before, then there exists an orientation preserving diffeomorphism 

fi: [-1,1] x S 1 ->W(c) such that ^({0} x S 1 ) = c. 
Let N be the smallest integer such that 

h N \s\u(C) = id $\U(C) , 

then the restriction t) N to 14(c) is a Dehn twist and the restriction of f) is charac- 
terised by a rational number t in the following way: Consider the path 7 in U(c) 
defined by 7(a) = ju(s, e l9 ) where is fixed and s G [—1, 1]. We orient 7 by [—1, 1] 
and then, we orient c in such a way that 7 • c = +1 in Hi(W(c),Z). Then there 
exists K G Z such that the cycles ifc and f) (7) — 7 are homologous in U(c). 
The rational number t = jf is called the twist number of f) along c. 

Now, let A be an edge of the graph Gti connecting the vertices i and j, i.e., it 
represents a curve c G C such that c G H 5j . Let t be the twist of f) along c. The 
two boundary components of U(c) are represented by two boundary-stalks in the 
Nielsen graphs G(t)i) and G(t)j) respectively. 

Then we take the disjoint union of the Nielsen graphs G(f)i) and G(t)j), and we 
replace the two boundary-stalks by a single edge joining the vertices of the Nielsen 
graphs. We weight this edge with the twist t and the valencies of the eliminated 
boundary-stalks at its extremes (see Figure [3]). 




FIGURE 3. Joining the Nielsen graphs G{fyi) and G(t)j)- 

We repeat this process for all the edges in the graph Gh and we obtain a new 
graph 0(f)). 

The graph 5(f)) is the Nielsen graph of f). 
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2.2. The Nielsen graph of the diffeomorphism \f . In order to describe the 
topology of the link Lf as a graph manifold, we are interested to study the dif- 
feomorphism \f , given the quasi-periodic diffeomorphism f). The following results 
allow us to construct the Nielsen graph of the diffeomorphism \f from the Nielsen 
graph Q(\)). They are Lemma 2.2 and Lemma 2.3 of [19] and their proofs appear 
there. 

Lemma 2.12. Let f) : ^ — > $ be a periodic diffeomorphism preserving the orienta- 
tion of the surface $ and let r > 2 be an integer. Let tt: $ —> O be the projection onto 
the orbit space O off). Let (m,g, (Ai,oi), . . . , (A s ,er s ), (X s +i,a , a +i) •••> (A s ',oy)) be 
the Nielsen invariants of t). Let n — gcd(m, r) and let rii = gcd(m/Ai, r). 
Let n r : # — > be the projection onto the orbit space of \f and let 

p: OW o 

be the map defined by poi\ r = tt. Then p is a cyclic branched covering of n leaves, 
whose ramification locus is included in the set of exceptional orbits of O. Moreover 
each exceptional orbit of O with valency (\i,o~i) is a possible branching point of p 
with order —. 

rii 

The Nielsen invariants of l) r can be computed from the Nielsen graph Q{\)) as 
follows: 

- The order of b r is = — . 

- The genus of is 

g (r) = n {g - 1) + 1 + - ^(n - m) ■ 

8=1 

s s' 

- The orbit space has a maximum of n, exceptional orbits and rii 

i—l i— s+1 

boundary curves. 

- To the i — th exceptional orbit of O correspond m orbits of with 1 < 
i < s. To the i — th boundary curve of O correspond ni boundary curves of 
C)W with s + l<i<s'. In any case, the valency (X^,^^) is given by: 

(2) A 2 W = — and x - = o t (mod A«) . 

XiUi n 

When A*- 1 *-* = 1 the corresponding orbit is regular, in any other case it is an excep- 
tional orbit of (see Figure^. 




FIGURE 4. The Nielsen graphs (in one vertex) Q(t)) and Q{\) r ). 
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Lemma 2.13. Let f) : $ — > $ be a quasi-periodic diffeomorphism and let C be a 
minimal reduction system for f). Then the family C is a reduction system of f) r 
and if t and t^ are the twists of f) and f) r respectively near to a curve c G C, then 
= rt. 

This last result completes the information of the graph <?(f) r ). 

2.3. Open book of the diffeomorphism ()''. Given a quasi-periodic diffeomor- 
phism of a surface, one can construct the associated mapping torus and obtain 
an open book using the results given in this section. This open book with the 
corresponding binding is a fibred plumbing link. 

Let us first show how to construct a graph describing the Waldhausen decom- 
position of a plumbing link. 

Definition 2.14. Let M be a 3-manifold. A Waldhausen decomposition of M 

is a decomposition of M as a union of a finite number of 3-manifolds Mj, M = (J Mj 
such that 

(1) each Mi is a Seifert manifold, 

(2) if i j, the intersection Mi n Mj is either empty or it is the union of the 
common boundary components, i.e., a union of tori. 

Let (M, L) be a plumbing link. A way to represent (M, L) according to the Wald- 
hausen decomposition of M is the following: Let W(M, L) be a graph constructed 
in the following way: 

• The graph W(M, L) has a vertex i for each Seifert component Mj in the 
Waldhausen decomposition of M . 

• For each exceptional fibre in Mj \ L we attach to i a stalk weighted by the 
corresponding normalised Seifert invariant (a, ft), i.e., 1 < (3 < a. 

• For each Seifert fibre in Mj n L we attach an arrow weighted by the corre- 
sponding normalised Seifert invariant (a, (3), i.e., < (3 < a. 

• The vertex is weighted by the genus <?j of the orbit space of Mj and the 
Euler obstruction e(Mj) to be defined below. 

• Let Mj and Mj be two Seifert components in the Waldhausen decomposi- 
tion of M and let i and j be the corresponding vertices; there is an edge 
between i and j if and only if the intersection Mj n Mj is not empty. 

• Each edge is oriented by the triplet (e, a, j3) (defined as in JTSJ § 1]) in the 
following way: Let T be a separating torus between two Seifert components 
Mj and Mj (represented by vertices i and j respectively). Let U(T) be a 
thickened torus, small neighbourhood of T and let T, C Mj and Tj C Mj 
be its boundary components. Let us orient Tj and Tj as the boundary of 
U(T). Let b. L C Tj be a Seifert fibre of Mj and let a, C Tj be a curve such 
that dj • hi = 1 in Hi(Xj,Z). In the same way, we choose dj,bj C Tj such 
that a, • bj = 1 in Hi(Tj,Z). Let <?: Tj — > Tj be an orientation reversing 
diffeomorphism, induced by the product structure of U(T). There exists 
some integers e € { — 1, 1}, a > and (3,(3' such that 

eg- 1 (b J )=aa l +(3b l in Hi(Tj,Z) 

and 

sg(bi) = aa,j + (3'bj in Hi(T,-,Z). 
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Moreover, it is possible to choose the curves a and a' in such a way that 
the integers (3 and (3' are normalised, i.e., < (3 < a and < f3' < a. If 
a > 1, (3 and satisfy the following relation: 

/3(3' = 1 (mod a) . 

If a = 1, then = = 0. 

Thus, if the edge is oriented from i to J, the corresponding triplet is 
(e, a, f3); if the orientation is from j to i, we write the triplet (e, a, /?'). 
• Let Mi be a Seifert component; for each boundary component of Mj we 
have a normalised pair (a, j3) which is related to the choice of a section 
on the boundary of Mj; the Euler obstruction e(Mi) is the obstruction to 
extend that section to all Mi. 
In Figure [5] it is shown the graph W(M, L) of a plumbing link (M,L) with s 
exceptional fibres in Mi \ L, s' — s Seifert fibres in Mi O L and Euler obstruction 
tti = e{Mi). 




Figure 5. Graph W(M, L) of the plumbing link (M, L). 



Now, given a periodic diffeomorphism r: 5 — » iS of a surface 5, we obtain the 
mapping torus T(t) as a Seifert manifold. Recall that the mapping torus T(t) of r 
is the quotient of the product 5 x [0, 1] by the equivalence relation (x, 1) ~ (r(x), 0) 
for all i£iS. 

The following result is proved in [T^l Section 4.4]. 

Lemma 2.15. Let S be a surface without boundary and let r : S — >• 5 &e a periodic 
diffeomorphism with s exceptional orbits. Let (\i,o~i) be their valencies with i = 
1, . . . ,s . 

Then the mapping torus T(t) is a Seifert manifold whose orbit space is the orbit 
space of t and whose Seifert invariants are given as follows : 

• There are s exceptional fibres whose Seifert invariants are (a^, (3i) — (Xi, o~i) 
with i = 1 . . . , s, 

• the rational Euler number is 0, so the integral Euler obstruction e is given 
by : 

S 

2—1 

Returning to the case of the quasi-periodic diffeomorphism fj : $ — > we have 
that the mapping torus T(f)) has boundary d$ x S 1 . Let A e S 1 , then d$ x {A} is 
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the boundary of a manifold 3 a C T(ty) diffcomorphic to 3- Let 

0(W=T(W |J (53 x© 2 ) , 

05 xS 1 

let L(fj) = (93 x {0}) C (93 x B 2 ) and let 

^: (0(h) \ L(h)) ^ S 1 

be such that 7r h ((<93 x (0, A]) U{05xA} #a) = A. 

Then, one can see 7T(, as an open book fibration of 0(E)). 

The following result gives information on this open book and it is an adaptation 
of [HI Lemma 4.4]. 

Theorem 2.16. Let [) : 5 -> J fe a quasi- periodic diffeomorphism with Nielsen 
graph G(f)). Then the pair (0(f)), £(h)) is a plumbing link (moreover, it is a fibred 
link) whose corresponding graph W(0([)), L(f))) is obtained as follows. There exists 
a graph isomorphism from G(t)) to W(0(E)), L(i))) sending: 

- the vertices of 0(h) to the vertices of W(0(h), £(f))), 

- the edges o/0(h) to toe ed 5 es o/ W(0(h), L(h)), 

- the stalks of 0(f)) to toe stofe o/ W(0(h), L(h)), 

- toe boundary- stalks of Q{\)) to the arrows of W(0(f)), L(h)). 

Moreover, 

• consider a vertex of 0(f)) with genus g, order m and with neighbour va- 
lencies (A,-,o"j),i = l,...,s" (taking into account all the incident edges, 
including those corresponding to stalks and boundary-stalks) . Then the cor- 
responding vertex of W(0(f)), L(t})) is weighted by [g,e] where the integral 
Euler obstruction e is given by : 



(3) e = ££ 



i=l 



• for each stalk o/0(f)) with valency (Ai,o";) (with 1 < i < s), the correspond- 
ing exceptional fibre has Seifert invariant 

(4) {a-hPi) = (Ai,CTi) , 

• for each boundary-stalk of 5(f)) u>ito valency (Aj,o"i), twist i; and order 
nrii in the adjacent vertex (with s + 1 < i < s'J, toe corresponding Seifert 
invariant is 

(5) («i,A)=(l*iAi|,-|^T 

• for each edge of G(i)), the triplet of the corresponding edge oriented from 
left to right is: 

(6) (e k ,a k ,p k )=^-—,\ mk t k X k \,-- j . 

Notice that for each of the three previous equalities, there exists a choice of 
a in its class modulo A such that the corresponding pair (a, /3) is normalised, 
i.e., < /3 < a. Let us fix such integers a. 
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Figure 6. Isomorphism between the graphs 0(rj) and W(£>(f)), L(fj)). 

Formulae ([3]) and ((U) are consequences of the Lemma [2.151 Formula d6]) is proved 
in [2Ql Lemma 4.4] as consequence of the following result. Moreover, this lemma, 
which is an adaptation of a part of [20l Lemma 4.4], enables us to prove also ([5|). 

Lemma 2.17. Let A = [—1,1] x S 1 be an annulus with boundary components 
c = { — 1} x S 1 and c' = {1} x S 1 and let f) : A —> A be an orientation preserving 
diffeomorphism such that 

• f)(c) = c and l)\ c is periodic of order m, 

• f)(c') = D' and f}| c / is periodic of order m! . 

Let T(t)) be the mapping torus of \) and let T = c x S 1 and T' = c! x S 1 be the 
boundary components ofT(t)). Let b C T be the curve which is the image in T(fj) 
of the union of segments 

m 

U(-l,fl l (A))x[0,l] , 

i=i 

where ((—1, f)'(A)) x [0, 1]) C (A x [0, 1]) and let b' C T' be the curve which is the 
image in T{\]) of the union of segments 

m 1 

|J(l,ff(A))x[0,l] ■ 

i=l 
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Then the following equation holds 

(7) mb' = —mm'tXa + (m — mm'ta)b in Hi(T, Z) , 

where a is a curve on T such that a ■ b — 1 in Hi(T, Z) and a' is a curve on T' such 
that a' -b' = 1 in Hi(T,Z). 

Proof. Let d = {0} xS 1 C 4, we orient d in such a way that d and c are homologous 
in Hi (A, Z), where c is oriented as boundary of A. Let 7 = [0, 1] x {0} C A be 
oriented as [0, 1]. Then 7 is transverse to d and we have 

(8) h mm ' (7) - 7 = mm'id = mm'tc 
in Hi(A,Z). 

On the other hand, the cycle m'b — mb' + 7 — fj mm (7) is the boundary of a 
2-chain in T(fj). Then, from (|8|). we obtain 

(9) mb' = m'b~mm'td in Hi(T(h),Z). 
For a and &, we have the following relation: 

(10) c = Xa + ab in Hi(T,Z) . 
Combining flHJl, © and (HI we obtain 

mb' = —mmtXa + (m' — mm'to~)b 
inHi(T(f)),Z). □ 

Proof of equation ([5]). Let us take a boundary-stalk of G(\)) with valency (A, a), 
twist i and order m in the adjacent vertex. As we know, the diffeomorphism fj is 
the identity on the boundary of J. Then, applying Lemma 12.171 we obtain 

b = -tXa' + (1 - mta)b' in H X (T(^), Z) 

and on the other hand we have the following equality: 

eb = ota' + /3b' in Hi(T',Z) . 

From these last two equations we get 

a = \tX\ and p = — — ■ , 

11 \t\ m 

where e = — □ 

3. The link L f as an open book 

In this section we present a family of real analytic functions F : C 3 — » C with 
isolated singularity at the origin and we describe the link Lp as an open book. 

Let /, g: (C 2 ,0) — > (C, 0) be two complex analytic germs such that the real an- 
alytic germ fg: (C 2 ,0) — > (C, 0) has an isolated singularity at the origin. Consider 
the real analytic function F : C 3 — > C given by 



F(x, y, z) = f{x, y)g(x, y) + z r 

with r € N. 

The description of Lp as an open book is given in terms of the monodromy of 
the Milnor fibration of fg. 

By [TJ Proposition 1], the function F has an isolated singularity at the origin 
since the function fg has an isolated singularity at the origin. Let Lf = S 5 DF^ 1 (0) 
denote the link of the singularity. 
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For e > sufficiently small, let L fg = (/g) -1 (0) n §f be the link of fg. We set 
L fg as the oriented link Lf — L g as in [22] . 

By Theorem 5.8], the function fg has Milnor fibration with projection = 
i.e., the Milnor fibration is an open book fibration of with binding Lfg. 

Let e be such that is a Milnor ball for F. Let e' be such that for all (x, y, z) € 
F _1 (0) with (x.y) e we have 

l/^y)^)! 1 / 1 " <£. 

Let us consider the polydisc 

T> 6 = {(x,y,z)\(x,y)eBt„\z\<e} . 

By [6, Proposition 1.7 and Application 3.8] Lj? is homeomorphic to the intersec- 
tion F _1 (0) l~l <9D 6 . In the sequel we will also denote this intersection by Lp. 

The following proposition is an adaptation of [T9] Proposition 1.5], which deals 
with the case f(x,y) + z k where / is holomorphic and reduced. 

Proposition 3.1. Let P: Lp —¥ S^/ be the projection defined by 

V(x,y,z) = (x,y) 

and let L' = p- x {L fg ). Define p r : C -> C by p r (z) = z r , let L F \ V -)• S 1 6e 
£/ie map given by <f>' = -fa and let h be the monodromy of the Milnor fibration <fr fg . 
Then 

1 ) the following diagram commutes: 

(11) L F \L'^S*\L f9 



1 



2) P is a cyclic branched r -covering with ramification locus Lfg and the restriction 

r:L'^L f g 

is a homeomorphism, 

3) the projection $' is an open book fibration with binding V , 

4 ) the fibres of $' and $ fg are diffeomorphic and the monodromy hi of $' is equal 
to h r up to conjugacy in the mapping class group of the fibre. 



Proof. Let us proveQJ. Let {x, y, z) G Lp \ L' . Then ^ z r = —f(x, y)g(x, y) and 



$ rg (V(x,y, Z )) = Z fg (x,y)- f^^v) 



\f(x,y)g(x,y)\ 

On the other hand, $'(x, y, z) = A and 



z \ _ z r f{x,y)g{x,y) 



A) \A r \f{x,y)g(x,y)\ 

Hence $ fg (P(x, y, z)) = -p r (&(x,y,z)). 

Now, in order to prove [2j , first we prove that the diagram (jllj) is a pull-back 
diagram. 
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Let Q be the pull-back of $ fg by —p r denned by 

Q = {(x,y,X) G (§ 3 \L f9 ) x S 1 | $ /s (a;,y) = -p r (A)} 



= a) g (s»u /a ) x s 1 1 r^=4 = - xr } 

\f{x,y)9{x,y)\ 

Then, by the universal property of the pull-back, we have the following diagram: 
L F \L' 

p 




where 7T3 is the projection on the third coordinate, 711,2 is the projection on the first 
two coordinates and p: {Lp \ L') — > Q is defined by 



P(x,y,z) = [x,y, 



Let us define q: Q -> (L F \ L') by q(x,y,X) = (x, y, X\f(x, y)g(x, y) | 1/r ). Then q is 
the inverse map of p and Lp\L' is diffeomorphic to Q. 

Notice that diagram (fTT|) can also be seen as V being the pull-back of the cyclic 
covering —p r by then V is itself a cyclic covering of r leaves. 

Now, let (x,y) € Lfg, then P^ 1 (x,y) = {(x,y,0) G L F }, i.e., P^ 1 (x,y) consists 
of only one point. Then V from Lp to § 3 is a branched cyclic r-covering with 
ramification locus Lfg. 

Statement [3|) can be proved in the following way. Let K be a connected compo- 
nent of Lfg. Since is an open book fibration of S 3 , there exists a small closed 
tubular neighbourhood U of K and a trivialisation 5: U — > (S 1 x D 2 ) such that 
S(K) = S 1 x {0} and the following diagram commutes: 



(12) 



U\K 




\{0}) 



2 ) ->■ (S 1 x E> 2 ) be the map 



where g{X,w) = t^t with A G S 1 and to £ D 2 . 

Let X' = V-\K) and V = V~ X {U). Let ^: (S 1 x 
defined by 

p' r (X,w) = {-X,w r ) , 

with A G S 1 and w G D 2 . 

The composition 5 o P gives a cyclic branched r-covering of S 1 x D 2 and in the 
other hand — p' r gives also a cyclic branched r-covering of S 1 x D 2 , both with the 
same ramification locus; then there exists an unique diffeomorphism 6' : V — > S 1 xD 2 
such that 5 o V = —p' r o 5' . 
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Then the following diagram commutes: 



V\K' 



■ S 1 x (D 2 \ {0}) 




(13) 



and is an open book fibration of Lp. 
Now let us prove |3]). 

Let Tfg be one Milnor fibre of $/g and let T 1 C - P _1 (-?/g) be one fibre of <&'. 
Since the diagram is a pull-back diagram, the restriction 

is a diffeomorphism. Moreover, the preimage V~ 1 (J-'fg) is the disjoint union of r 
fibres of 
Let 

7 : (S 3 \L fs )xR^(S 3 \L rg ) 

be the flow of a vector field which is a lifting by $ /g of the canonical tangent vector 
field on S 1 . Then 7 is transverse to the fibres of <£>/g and a representative h of the 
monodromy of $ fg is defined as the diffeomorphism of first return of 7 over the 
fibre Tjg. Let 

7': (Lp\ L') xK-> {L F \L') 

be a flow such that for all ((x, y, z),t) 6 {Lf\ L') x K, 

7>( 7 ' *),*)) =j(V(x,y,z),t) , 

and let /i' be the representative of the monodromy of $' defined as the diffeomor- 
phism of first return of the flow 7' on J 7 '. By construction and since the covering 
is r-cyclic, one has the following commutative diagram 



Hi 



h' 



h r 



□ 



4. The link L f as a plumbing link 

In this section we describe Lp as a plumbing link and moreover, together with 
the open book structure given in the last section, we obtain that Lp is a fibred 
plumbing link. 

Let /, g holomorphic functions from C 2 to C such that the real analytic germ 
fg: (C 2 ,0) — > (C, 0) has an isolated singularity at the origin. Let W be a neigh- 
bourhood of the origin in C 2 , let it: W —> U be a resolution of the holomorphic 
germ fg and let T be its dual graph. Then one has 

M r \m{,--- ,m{) + t b(L f ) = and M r *(m?, mf )+*&(£«,) = . 

Now let us denote the link L = Lf U — L g by Lf — L g . Then 

(M r )- u b(L f - L g ) = {Mr)- u {b{L f ) - b{L g )) . 
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Therefore 

(M r )- n b(L f - L g ) = -\m[ - mf , . . . , m{ - mf) . 

Hence (m{ — mf,...,m^ — mf) is the solution of the monodromical system of 
L f - L g- 

Let Tfg be the Milnor fibre of fg. Applying Theorem 12.41 one obtains: 

Theorem 4.1 ([3TJ Cor. 2.2]). The link Ltg = Lf — L g is fibred if and only if for 
each node Vj of T one has m^ ^ m 9 . Moreover, if this condition holds, then the 
quasi-periodic representative of the monodromy h of Lf — L g has order |mj — m 9 \ 
on Vj nJ^fg, where Vj is the intersection o/§ 3 and the D 2 -bundle corresponding to 
v j- 

Hence, let Tfg be the plumbing tree T but with each vertex i weighted by m^ = 
m{ — mf. We have that the order of the monodromy h of the Milnor fibration 
of fg on V, H Tfg equals nii = \mf i — Tnf\. Moreover, when 777/ — mf < 0, the 
natural orientation of the § 1 -fibres of V, is opposite to the one obtained by lifting 
the orientation of the circle S 1 with the Milnor fibration. In order to get the 
right orientation, one must change the orientation of the fibres on each Vi where 
m{ — mf < 0. It implies that each edge joining two vertices Vi and Vj such that 
mf — mf < and m^ — m 9 - > is now weighted by e = — 1. 

On the other hand, since Lp is a graph manifold and V as the preimage of 
Lfg is union of § 1 -fibres, we obtain that the pair {Lp,L') is a plumbing link, but 
moreover, by Proposition 13. 11 (Lp.L') is a fibred plumbing link. 

4.1. The Nielsen graph of the monodromy h. As the monodromy h of the 
Milnor fibration $ fg is a quasi-periodic diffconiorphism, we can describe it trough 
its Nielsen graph Q{h). 

Given a minimal reduction system C for h, by Section 12.11 we have that the 
Nielsen graph is given by Figure [3 where Q{hi) is the Nielsen graph of the periodic 
diffconiorphism hi. 




Figure 7. Joining the Nielsen graphs Q(hi) and Q(hj). 



4.2. The Nielsen graph of the diffeomorphism h r . Let h: Tfg — > Tfg be 

the monodromy of the Milnor fibration $yg with order m and let r > 2. By 
Proposition l3.1[ the diffeomorphism h r is a representative of the monodromy of the 
open book fibration and by Section |2~21 we can describe its Nielsen invariants in 
terms of the Nielsen invariants of h. 

Hence, by Lemmas 12.121 and 12.131 the Nielsen invariants of h r are given by: 

• The order of h r is m^ = ™ v 

gcd(m,r) 
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• The genus of is 

1 s ' 

9 (r) = (.9 - l)gcd(m,r) + 1 + - ^(gcd(m,r) - gcd(m/A l; r)) . 

i=i 

- The orbit space has a maximum of Y^i=i E c d(iri/ Xi, r ) exceptional 

orbits and 2i=s+i g c d(™/Ai, r) boundary curves. In any case, the valency 

r\(.r) (r)s • • , 
(X\ ',a\ >) is given by: 

A « = J?— and <rW x — ^ = ai (mod A«) . 

Xi gcd(m/Aj,r) gcd(m,r) 

• the twist = rf. 

Now, let T(h r ) be the mapping torus of the diffeomorphism h r and let P be a 
fibre of Hence T(/i r ) has boundary &T xS 1 . Let A e S 1 , then dP' x {A} is the 
boundary of a manifold P x C T(h r ) diffeomorphic to P. Let 

0(h r ) = T(h r ) (J (dP x D 2 ) , 

let L(h r ) = (dP x {0}) c (dP x D 2 ) and let 

ir h r: (<D(h r )\L(h r ))^& 

be such that n h r ((dp' x (0, A]) U{e.F'xA} -^a) = ^* 

Notice that the pair (0(h r )), L(h r )) is diffeomorphic to (Lp,L') and iih r is the 
fibration Thus, applying Theorem 12.161 the graph W(0(h r ), L(h r )) can be 
computed using the Nielsen graph Q(h r ). Moreover, we can compute the plumbing 
tree corresponding to Lp from the graph W(0(/i r ), L(h r )), giving in this way a 
description of Lp as a graph manifold in terms of the link L fg and the monodromy 
h of the Milnor fibration 

5. Join Theorem for g?-regular functions 

In this section we show that if / and g are holomorphic germs from C 2 to C such 
that the real analytic germ fg has isolated critical point and r > 2 is an integer, 
then the function F = fg + z r has a Milnor fibration with projection map F/\F\. 
Then we use a result given in [9] to study the topology of this fibration. 

5.1. Cyclic suspensions. In order to achieve our goal, we must define the cyclic 
suspension of a knot. For that we need some results of [5], [5] and |14j . 

Definition 5.1. A knot JC = (S k ,K) is an oriented fc-sphere with an oriented 
2-codimensional submanifold K C S . Notice that we use knot to denote also a 
link in the sense of Section [21 

Definition 5.2 (0 Definition 1.1]). A knot C = (S n ,L) is fibred if L is the 
binding of an open book fibration of E> n . 

Definition 5.3 ([HI Definition 1.1]). Let M be a closed compact manifold. An 
open book structure for M is a map b: Al — > B 2 such that zero is a regular 
value and 

b = y^: Af\6- 1 (0)^§ 1 

is a locally trivial fibration. 
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Thus, given a fibred knot L — (§ n , L), we have associated an open book structure 
b: §" ^B 2 (see jH § 1]). 

Notice that a fibred knot £ — (E> 3 ,L) is a fibred plumbing link, when § 3 is 
considered as a plumbing manifold and L is a union of Seifert fibres, 

Let (§ m , K) be a fibred knot with m > 3 and let 6: S m -> D 2 be the associated 
open book structure. Let p r : B 2 — > B 2 be the r-branched cyclic covering of B 2 
given by p r {z) = z r with G B 2 as ramification locus. 

The following result is a consequence of Theorem 2.2]. 



Lemma 5.4. The pull-back ir r : [r](S m ,K] 

[r}(S m ,K)- 



I) 2 fey i/ie map 6: 



is an r-branched cyclic covering of § m , branched along K . 

Lemma 5.5 (j9[ Lemma 2.4]). Let V± C V2 C M fee proper embeddings of smooth 
manifolds of dimension m — 2, m and m + 2 respectively. Assume that M and V% 
are 2-connected. Let i : V2 — > M be the standard inclusion. Then there exists an 
embedding of pairs j: (V2, Vi) — ► (M, V2) smc/i </ia< 

t/ie image ^(^2) C M is transverse to V2 with j(V^) PI i(V^) = Vi, 
6^ i/ie mop j is isotopic to i through maps satisfying conditional except at the end 
of the isotopy, 

c) the map j is unique up to isotopy through maps which satisfy conditions \aj) and 

Bp. 

Corollary 5.6. Let (S m ,K) be a fibred knot and let (§ m+2 ,§ m ) be the trivial knot. 
Then the following diagram commutes: 



[r}(E m ,K) — U- [r](S m+2 ,S m ) 



where j is the embedding of Lemma [57. 

Definition 5.7 (0 page 377]). Let K £g> [r] be the image 

K®[r}= j{[r](§ m ,K)) C [r](S m+2 ,S m ) = S m+2 . 

Then we obtain a new knot (§ m+2 , K <g) [r]). This knot is called the r-fold cyclic 
suspension or briefly r-cyclic suspension of the knot (S m ,K). 

5.2. The property of d-regularity. Now we present the concept of d-regularity, 
which is a necessary and sufficient condition for a real analytic function / to have 
Milnor fibration given by $/ = y|jyj. Roughly speaking, a real analytic function 
/ with isolated singularity is d-regular if and only if / has Milnor fibration $/ = 
f j\ l/l I . Thus the link of the singularity Lf is a fibred knot. 

Let U be an open neighbourhood of € R" with n > 1. Let k < n and let 
/: (17,0) ->• (M fe ,0) be an analytic map defined on U with isolated critical point at 
0. 
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Let V = / _1 (0) and let B e be a closed ball in R™, centred at 0, of sufficiently 
small radius e, so that every sphere in this ball, centred at 0, meets transversely V, 
if V is not an isolated point at the origin. 

One can define a family of real analytic spaces as follows. 

For each £ <E MP* 1-1 , consider the line Ce, C R fc passing through the origin 
corresponding to £, let /|b be the restriction of / to the ball B e and set X( = 

Let Cjr be the hyperplane orthogonal to Ci and let tti : R fc — ► Cj~ be the orthog- 
onal projection. Set hg — ng o /|b 6 , then Xg is the vanishing set of hg, which is 
real analytic. Hence {Xg} is a family of real analytic hypersurfaces parametrised 
byRP*" 1 . 

The set of critical points of hg is contained in the set of critical points of /|b 6 
(see [4j Lemma 2.1]). As / has isolated critical point at the origin, hi has the origin 
as its only critical point. 

Definition 5.8 ([U Definition 2.3]). The family {X t \ £ e RP^ 1 } is called the 
canonical pencil of /. 

Definition 5.9 ([H Definition 2.4]). The map / is said to be <i-regular at if 

there exists a metric fi induced by some positive definite quadratic form and there 
exists e' > such that every sphere (for the metric fi) of radius e < e' centred at 
meets every Xg \ / _1 (0) transversely whenever the intersection is not empty. 

The following result follows from [U Th. 5.3], [2J Cor. 5.4] and the proof of [TTJ 
Th. 11.2]. 

Theorem 5.10 (Fibration Theorem). Let f : (R™,0) -» (M fc ,0) be a real analytic 
germ with isolated critical point. Then f is d-regular if and only if the map 




is a locally trivial fibration. 

Remark 5.11. In fact, Theorem 15. 101 appears in 4 in more generality than here. 
It holds as well for d-regular real analytic functions with isolated critical value, 
which satisfy the Thorn a/-condition. 

Next theorem is given as [131 Theorem 1] and the proof is essentially the same 
we present here. The proof is included here for clarity since there are involved other 
results that also differ slightly from the complex case. 

Theorem 5.12. Let f : (R™,0) — > (R 2 ,0) be a d-regular real analytic germ with 
isolated critical point at the origin. Let e > be small enough and let Lf = 
/ _1 (0) n S™- 1 be the link of the singularity at the origin. Let F : (R" x C, 0) = 
(R"+ 2 ,0) -> (R 2 ,0) be the map defined by 

F\X\ , . . . , x n: z) — f '(xi , . . . , x n j -\- z , 

and denote by Lp = F~ 1 {0) nS n+1 its link at the origin. Then the pair (§ n+1 , Lp) 
is the r-fold cyclic suspension of the knot (W l ~ 1 ,Lf). 

In the proof of this theorem we need the two following results. The first one gives 
a characterisation of a ci-regular function. The second one is a generalisation of [5J 
Lemma 4.1] and the proof presented here is basically the same presented there. 
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For more clarity, from now on we denote a point (xi, . . . , x n ) £ R" by x and the 
vector (xi, x n ) G T x W n = R by ~£ . 

Lemma 5.13 (4, Lemma 5.2]). Let U be an open neighbourhood of G R™ 
7i > 1. Lei k <n and let /: (J7, 0) — > (R fe ,0) 6e an analytic map defined on U with 
isolated critical point at 0. The map f is d-regular, if and only if there exists a 
smooth vector field v onl E \ / _1 (0) which has the following properties: 
i) It is radial; i.e., it is transverse to all spheres in B e centred at pointing 
outwards; 

ii) it is tangent to each Xi \ / (0), whenever it is not empty; 
Hi) it is transverse to all the tubes f~ 1 (dU>s)- 

Remark 5.14. Notice that in Lemma 15.131 the first condition is equivalent to ask 
that 

(14) (v(x),-at) R ~ > for aU xeB e \/ _1 (0) , 

where (•, is the Euclidean product in R™. 

Moreover, the vector field v can be adjusted, multiplying it by a positive real 
function such that the second and third conditions can be interpreted as 

(15) D x f(v(x)) = 7(3 . 

Lemma 5.15. Let f : (R",0) — > (R 2 ,0) be a d-regular real analytic germ with 
isolated critical point at the origin. For sufficiently small e > 0, there exists a 
smooth vector field v onl e \ {0} which satisfies: 

I) v lies over the radial vector field w(x) = x onC = R 2 ; i.e., v projects by Df 
onto 

II) ||x|| increases along trajectories of v. 

This result is given as [51 Lemma 4.1] for a complex polynomial with isolated 
singularity. The proof of Lemma [5.151 is the same as proof of [9j Lemma 4.1] if 
we substitute the complex polynomial by /, and the vector field obtained by |11[ 
Lemma 5.9] by the vector field given by Lemma [5.131 and Remark l5.14l 

Proof of Theorem \5.12l Let 

={(x,z) el" xC^R n+2 | \\(x,z)\\ =£} , 

and let 

S e (t) = {(x, z) e §; l+1 | tf(x) + z = 0} for < t < 1 . 
For e small and any t, S e (t) is the intersection of the sphere §" +1 and the smooth 
hypersurface tf(x) + z = 0, thus S £ (t) is a (n — l)-sphere. Hence {§ e (£)}o<t<i gives 
an isotopy between the standard sphere S e (0) = §™ +1 and S e (l). 

Also S e (t) intersects transversely § e (l) and S e (t) fl S e (l) = Lf for all i < 1. 

Take S e (l) C S™ +1 as the "standard embedding" and let 

(§M,L f )c (s^.s^o)) 

be the embedding j of Lemma 15.51 Let 

Ct 1 = {(z, z) G R" x C S M"+ 2 | x\ + ■ ■ ■ + x 2 n + \z\ 2r = e 2 } 

and 
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Then the map 7r: § e r — > given by tt(x,z) — (x,z r ) gives a branched r- 

covering 

{W£\L F )^(X+\\{1)) 

branched along (§ £ (0),L/), and hence identifies (^\. ,Lp) as the r-fold cyclic 
suspension of (S" _1 ,Ly). 

Thus, it just remains to show that the knot (S e ^ ,Lp) is diffeomorphic to the 
knot (§™ +1 , Lp). This is done by pushing the pair (S™ +1 , Lp) out to the other knot 
along a vector field defined in a small ball (B™, +2 \ {0}) C R"+ 2 \ {0}. Such a vector 
field can be obtained as follows: 

By Lemma 15.151 there is a vector field v on a small ball B™, \ {0} such that v 
lies over the radial vector field on R 2 and (v(x), x)n.n has positive real part (see 
Remark I5.14[) . Then the vector field we are looking for is given by v±(x, z) — 
(v(x), z/r) on (R™+ 2 x C) \ ({0} x C) and v 2 (x, z) = (0, z) in a thin neighbourhood 
of {0} x (C\0); so pasting v\ and v 2 with a partition of unity we obtain the required 
vector field v. □ 

The singularity at the origin of F is called a suspension singularity of type 

fg + z r - 

5.3. Join Theorem for d-regular functions. The aim in this section is to de- 
scribe the homotopy type of the Milnor fibre J- of the germ F — f + z r in terms 
of the homotopy type of the Milnor fibre Tf of /, where /: (R™,0) — > (R 2 ) is a 
d-regular function. For this, we first show that the function F = f + z r is d-regular, 
which assures that it has Milnor fibration with projection -p^p 

Proposition 5.16. Let /: (R",0) — > (R 2 ,0) be a d-regular real analytic germ with 
an isolated critical point at the origin. Let F : (R™ xC,0)~ (R™+ 2 ) (R 2 ,0) be 
the map defined by F{x, z) = f{x) + z r . Then F is d-regular. 

Proof. Let ei, e 2 > be such that S" +1 is a Milnor ball for F and S™" 1 is a Milnor 
ball for /. Let 

e = min{ei, e 2 } 

and let us consider S" +1 and S"" 1 C §™ +1 , where the latter is defined by 

si 1 - 1 = {(x,o) e s™ +1 } . 

By Lemma T5.131 there exists a smooth vector field v\ on B" \ / _1 (0) such that 

i) {v x (x)^)^n > 0, 

ii) D x f(vi(x)) = 

for all x e B" \ / _1 (0). 

On the other hand, let p r : C = R 2 — >• C = R 2 be the function defined by 
p r {z) = z T and let v 2 be the radial vector field on C = R 2 defined by v 2 (z) = — , 
then 

i) {v 2 (z),^) R 2 > 0, 

ii) D z p r (v 2 (z)) = p^J, 
for all z £ C \ {0}. 

In order to prove that F is d-regular, the idea is to find a vector field v on 
B^?+ 2 \F- 1 (0) such that 

i) (v(x, z), (x,z)) > for all (x, z) E B™+ 2 \ F _1 (0), 
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ii) D {XtZ) F(v(x, z)) = F{x,z) for all (x, z) e B™+ 2 \ F _1 (0). 
Let v be the vector field on B™ +2 \i^ _1 (0) denned by v(x, z) = (v\{x), v 2 (z)). Then 

(v{x, z), (x, z)) Rn +2 = (vi(x), ~£) Rn + {v 2 (z),^) M 2 > , 

since both terms are greater than zero. Then condition Q follows (see Figure 
We also have that 

D XtZ F(v(x,z)) = D x . z F(v 1 (x),v 2 (zj) = D x , z F( Vl (x), t) + D x , z F{lt, v 2 (z)) 
= D x f{ Vl {x)) + D zPr {v 2 {z)) = f{x) + = F{x,z) . 
And condition (|nj holds. By Lemma \5 . 1 31 and Remark 15.141 F is c?-regular. □ 



v 2{z) v {x,z) 




Figure 8. The vector field v on B™+ 2 \ F-\0). 

By Theorem 15. 101 and Proposition l5.161 one has the following result. 

Corollary 5.17. Given F as in Proposition 15. 161 F has Milnor fibration with 
projection 

Remark 5.18. Let p r : C — > C be the function defined by p r (z) = z r . Note that 
p r has a Milnor fibration with projection 

4> Pr = T^- : Si ^ S 1 , 
\z\ r - 

for any e > and the Milnor fibre T ~ Pr consists of r points in and the monodromy 
hp T is given by a cyclic permutation of this r points. 

The following result is an adaptation of Lemma 6.1] to the particular case 
of cyclic suspensions given by links of singularities and it describes the homotopy 
type of the Milnor fibre of F in terms of the Milnor fibres of / and p r . 

Theorem 5.19. Let /: (]R n ,0) — > (K 2 ,0) be a d-regular real analytic germ with an 
isolated critical point at the origin. Consider its Milnor fibration with projection 
map <pf = tt4tt and let J-f be its fibre and let hf be its monodromy. Let F: (W 1 x 
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C,0) ^ (M™+ 2 ) ->■ (R 2 ,0) be the map defined by F(x,z) = f{x) + z r and let 
4>f — jj^ be the projection map of its Milnor fibration; let T be its Milnor fibre 
and hp its monodromy. 

Then there exists a homotopy equivalence a : Tf * T Pr — > T which is compatible 
with the monodromy maps and their join; i.e., the following diagram commutes 



(16) Tf * T Pr ^— >- T f * T , 



Pt 



T ^ >■ T 

where hf * h Pr : Tf * T Pr — »■ Tf * T Pr is the map defined by 
h f *h Pr ([x,t,y]) = [hf(x),t,h Pr (y)] . 

6. Open books given by the Milnor fibration $f 

In this section we recall the algorithm that allows us to compute the topology 
of the link Lf and we use Theorem 15.191 in some examples, in order to see how is 
the open book decomposition of S 5 given by the Milnor fibration of F. 

Let /, g: (C 2 ,0) — > (C, 0) be two complex analytic germs such that the real 
analytic germ fg: (C 2 ,0) — > (C, 0) has an isolated singularity at the origin. Let 
F: (C 3 , 0) -> (C, 0) be the real analytic germ defined by 



F(x, y, z) = f{x, y)g(x, y) + z r 

with r e Z+. 

As we saw in Section O the following diagram commutes: 

L F \L>-^&\L f - g 
<i>' 



where Lfg is the link of fg, Lp is the link of F, V is the projection onto the first 
two coordinates, L' = 7 ,_1 (L/g), &f S is the Milnor fibration of fg, $' = and 

Pr(z) = z r . 

With the tools given in the previous sections, we are able to give a description 
of the link Ij? as a graph manifold in terms of the link L fg and the monodromy h 
of the Milnor fibration $ fg as follows: 

Step 1. We compute the plumbing tree Tf g where each vertex i is weighted by 
m, = m{ — ra\ and change the negative multiplicities into positive ones. 

Step 2. Using that the monodromy h of the Milnor fibration T f g is a quasi-periodic 
diffeomorphism of the corresponding Milnor fibre T, we compute the Nielsen 
graph Q{h). 

Step 3. We compute the Nielsen graph Q(h r ) of the diffeomorphism h r , which is a 

representative of the monodromy of the open book fibration This allows 

us to describe Lp as an open book. 
Step 4. Applying Theorem 12. 161 we compute the graph W(0(h r ), L(h r )) from the 

Nielsen graph G(h r ), where 0(h r ) = L F and L(h r )) = L'. 
Step 5. We compute the plumbing tree T such that Lf — dP(T), where P(T) is 

the plumbing manifold obtained from T. 
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6.1. Examples. In this section we show examples of functions F such that the 
Milnor fibration gives an open book decomposition of § 5 that cannot come from 
complex singularities. To obtain this, first we describe the link Lp as a graph 
manifold with the algorithm, then we apply (in some cases) Theorem 15.191 in order 
to describe the homotopy type of the corresponding Milnor fibre. 

Example 6.1. Let /: (C 2 ,0) — > (C, 0) be the complex analytic germ defined by 
f(x, y) — x 2 + y 7 and let g : (C 2 , 0) — > (C, 0) be the complex analytic germ defined 
by g(x,y) = x 5 + y 2 . Let F: (C 3 ,0) -} (C,0) be the germ defined by 

F(x, y, z) = (x 2 + y 7 )(x 5 +y 2 ) + z z . 

First step: The resolution graph A(fg), where the multiplicity rrii — mj + at 
the vertex i appears as (™|) is given by 

A (1) A (1) 
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Here the twist |jj can be computed in two ways: 

• The first one is to consider the partial twists between the nodes and get 
the twist as the sum of them, 

• the other one is to compute the a corresponding to the edge joining the 
nodes. 



By Th. 5.1], we have that 



a- P 



= 3- 



1 



then a — 31. Applying equation ([B]), one obtains that 

a 31 31 

t 



rrijX (6) (5) 30 



Third step: Let F: (C 3 , 0) ->• (C, 0) be the real analytic germ defined by 



F(x, y, z) = (x 2 + y 7 )(x 5 + y 2 ) + z 3 . 

The link Lp has an open book fibration with binding L' and monodromy h 3 . This 
monodromy is a quasi-periodic difieomorphism, then we compute the Nielsen graph 
G(h 3 ) from the graph Q(h). 




(5,1) 



31 
10 




(2,-1). 
(i: 1 ) l/[2,0] 



Fourth step: Applying Theorem I2.16[ we compute the graph W(Lf, L') from the 
Nielsen graph Q{h 3 ): 
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Fifth step: From the graph W(Lf, L') we compute the corresponding plumbing 
tree. First, we have the following equations: 



3 - 1 



where 



b k ] = b\ 



b 2 - 



1 



Then the plumbing tree T is given by 
-2 




-2 



-2 



-2 



-2 



-7 




where = <9P(r) and P(r) is the four-manifold obtained by plumbing 2-discs 
bundles according to T. 

The plumbing P(T) given by the plumbing tree T contains in its interior an 
exceptional divisor £ as a strong deformation retract. Then the divisor E can be 
blown down to a point, and we get a complex surface Vr with a normal singularity 
at 0. As in the proof of [TJ Theorem 4], we compute the canonical class K of Vr 
and obtain that K has non-integer coefficients. 

It follows that the singularity (Vr, 0) is not numerically Gorenstein and therefore 
it is not Gorenstein. Then there is not a complex analytic germ G : (C 3 , 0) — > (C, 0) 
with isolated singularity at the origin such that the link Lq is homeomorphic to 
the link Lp. 

Example 6.2. Let /: (C 2 ,0) — > (C, 0) be the complex analytic germ defined by 
f(x, y) = (x 2 +y 3 ) and let g : (C 2 , 0) — > (C, 0) be the complex analytic germ defined 
by g( x , y) = O 3 + y 2 ). Let F: (C 3 , 0) -> (C, 0) be the germ defined by 

F(x, y, z) = (x 2 + y 3 )(x 3 + y 2 ) + z 2 . 

The plumbing tree T fg is given in Figure [9] 




FIGURE 9. Plumbing tree V j g for f(x,y)g(x,y) — (x 2 +y 3 )(x 3 +y 2 )- 
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After the change of orientation of the Seifert fibres as we made above, we obtain 
the graph in Figure [TQl 




Figure 10. Plumbing tree obtained after the change of orientation 
in the plumbing tree T fg for f(x,y)g(x,y) — (x 2 + y 3 )(x 3 + y 2 ). 



By Theorem 12.161 the Nielsen graph Q(h) of the monodromy h of the Milnor 
fibration of fg is as in Figure [TT1 




Figure 11. Nielsen graph Q(h) for f(x 1 y)g(x,y) = (x 2 + y 3 )(x 3 +y 2 ). 

Note that, as we said, the twist is positive as a consequence of the change of sign 
of e in the formula (j6|). 

Now, the Nielsen graph G(h 2 ) is given in Figure fT2l 




Figure 12. Nielsen graph Q{h 2 ) of h 2 with h the monodromy of 
the Milnor fibration of f(x,y)g(x,y) — (x 2 + y 3 ){x 3 + y 2 ). 



By Theorem 12. 161 the graph W(Lp , L') is the graph shown in Figure [T51 
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(-1,5,4) 



Figure 13. Graph W(L F , L') for F(x, y, z) = (x 2 + y 3 ){x 3 + y 2 ) + z 2 . 

From the graph W(Lp, L'), the corresponding plumbing tree T can be computed 
(see Figure [TJ]) . 



-5 




-5 



Figure 14. Plumbing tree T corresponding to graph W(Lp,L') 
for F(x, y, z) — (x 2 + y 3 )(x 3 + y 2 ) + z 2 . 

As in the previous example, T represents the exceptional divisor in the interior 
of the manifold Vr] i.e., it is a graph resolution corresponding to a resolution V 
of a normal surface singularity (V,0). Then, blowing down the two vertices with 
weights — 1, one obtains the graph in Figure H51 



-3 




-3 



Figure 15. Plumbing tree T corresponding to graph W(Lf,L') 
for F(x, y, z) = (x 2 + y 3 )(x 3 + y 2 ) + z 2 . 

This graph is also the plumbing tree for Lq, where G: (C 3 ,0) — > (C,0) is the 
germ 

G(x, y, z) = (x 2 + y 3 ){x 3 + y 2 ) + z 2 
as is stated in [THl § 6, Examples]. Then the link Lp is realisable by an holomorphic 
function from C 3 to C. 

Now we proceed to see if the open book fibrations given by F and G are equiva- 
lent. In order to see if the Milnor fibre Tf is diffeomorphic to the Milnor fibre To, 
we compute the genus of Tf and the genus of Tq- 
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By the decorated plumbing tree given in Figure [TUl the Milnor fibre (Ffg)i is 
the mi-covering of Vi (see Proposition 12 .7j) . then 

x((Ffg)i) = m iX (Vi) . 

As Vi is a cylinder or a disc for the vertices Vi with valence 2 and 1 respectively, 
our principal interest are the nodes (vertices with valence > 3); let Vi be a node in 
the graph in Figure flOl then 

X m g )i) = 2x(Vi) = 2(-l) - -2. 

Then, the genus of Ti is 0. "Gluing" the pieces {Ff g )i for all i, we obtain a surface 
of genus 1 with two boundary components. 

Analogously, for the Milnor fibre (Ff g )i we have 



g/i) 



lQx(Vi) =10(-1) 



-10. 



Then the genus of (J-f g )i is 2. "Gluing" the pieces (Ff g )i for all i, we obtain a 
surface of genus 5 with two boundary components. 

Thus, the join of r points with Ffg cannot be the same as the join of r points 
with Tjg and the open book decompositions given by the Milnor fibrations of F 
and G are not equivalent. 

However remains open the question if the link Lp is homeomorphic to the link 
of other complex singularity with equivalent Milnor fibration to F . 

Example 6.3. Let /: (C 2 ,0) — > (C, 0) be the complex analytic germ defined by 



f{x,y) 



by g(x,y) = x 7 + y 2 



y° and let g : (C , 0) — » (C, 0) be the complex analytic germ defined 



First step: The resolution graph A(fg), where the multiplicity m, = mi + mf at 
the vertex i appears as ( TO |J is given by 




© (S 




Then, the plumbing tree T fg is given by 
a(1) 



-4 




— 9 




(5) (1) (-1) (-3) 

After the change of orientation in the Seifert fibres, we obtain the following graph: 
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(1) 



-1 



(1) 




Figure 16. Plumbing tree obtained after change of orientation. 



Second step: From the last graph, we compute the Nielsen graph Q{h) of the mon- 
odromy h of the Milnor fibration Qfg- 




(9,-5) 



i,-3) 



29 
72 



where the twist |§ is computed by applying equation 




t = 



29 29 



mjX (8) (9) 72 



Third step: Let F: (C 3 , 0) (C, 0) be the real analytic germ defined by 



F(x, y, z) = (x J + y°)(x 7 + y 2 ) + z b . 

The link hp has an open book fibration with binding V and monodromy /i 5 . We 
compute the Nielsen graph Q{h 5 ) from the graph G(h): 




(9,8) 



(8,1) 



145 
72 




Fourth step: Applying Theorem 12.161 we compute the graph W(Lp, L') from the 
Nielsen graph G(h 5 ): 



(5,4) 



(-1,145,128) 
> 



(5,2) 
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Fifth step: From the graph W(Lp, L') we 
tree. As we have the following equations: 

— = 2=12], ™ 
2-1 1 J ' 128 

then the plumbing tree T is given by Figi 



a compute the corresponding plumbing 

[2,2], ^=2-i = [2,3] 
[9,3,2,2,2,2,2,2,2] , 




Figure 17. The link hp as boundary of a plumbing. 



where Lp = dP(T) with P(r) the four-manifold obtained by plumbing 2-discs 
bundles according to T. 

Now, as before, the plumbing P(T) contains in its interior an exceptional divisor 
£ as a strong deformation retract, then E can be blown down to a point, and we 
get a complex surface Vr with a normal singularity at 0. We compute the canonical 
class K of Vr and we obtain that 

K = (-27, -18, -9, -6, -4, -2, -1, 0, 1, 2, 3, 4, 5, 6, 3, 4, 2) , 

then Vr is numerically Gorenstein. Then there could be a complex analytic germ 
G : (C 3 , 0) — > (C, 0) with isolated singularity at the origin such that the link Lq is 
homcomorphic to the link Lp. 

Following 1 ( Section 5], we use an adaptation of the Laufer-Steenbrink formula 
as an obstruction for the equivalence of the Milnor fibration of G and the Milnor 
fibration of F. 

Theorem 6.4 ( |23l § 4, Cor 1]). Let (V,0) be a normal Gorenstein complex surface 
singularity with link L. If(V,0) is smoothable, then one has 

X (V) + K 2 = x(V*) (mod 12) 

where V# is a smoothing of V , V is a good resolution of V and K is the canonical 
class of V . 

From Figure we obtain that the Milnor hbre of fg, J 7 , has genus 5 and two 
boundary components, then 

X(.F) = 2 - 2g - 2 = -10 . 

Also T is homotopically equivalent to V»=i wnere k = 1 — x{J~)- Let Fp be the 
Milnor fibre of F, then by Theorem 15. 191 we have that 

/(3-i)k \ 

(17) x(Fp) = x\^ \/ S lJ = 1 + (3 - 1) (1 - (-10)) = 23 . 
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On the other hand, Figure 1171 has 17 vertices and 16 edges, then 

(18) X (V) = 2(17) - 16 = 18 
and 

(19) K 2 = K T AK = -33 , 

where A is the intersection matrix of the plumbing in Figure 1171 
Combining equations (fl7|) . (|18l) and (fl9| , we obtain that 

x(.Ff) = 23 ^ -15 = x(V) + K 2 (mod 12) . 

Then, given a complex analytic germ G: (C 3 ,0) ->• (C,0) with isolated singularity 
at the origin such that the link Lq is homeomorphic to the link hp, the Milnor 
fibration of G is not equivalent to the Milnor fibration of F. 

Remark 6.5. In Example 1 6. 2 1 Laufer-Steenbrink formula (which gives Theorem l6.4|) 
does not work as an obstruction as in the last example. In that case x(J-V) and 
X{V) + K 2 are congruent modulo 12. 

It remains to look for other kind of obstruction in order to compare the Milnor 
fibration of the function F of Example 16.21 with the Milnor fibration of a complex 
analytic germ G : (C 3 , 0) -> (C, 0). 
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